Controlled time-decaying harmonic potentials decelerate the velocity of the charged particle but the particle never be trapped by this harmonic potentials. This physical phenomena changes threshold between the short range class of potential and long-range class of potential in the sense of the existence of physical wave operators. In this paper, we reveal such a threshold is 1/(1 − λ) for some 0 ≤ λ < 1/2 , which is determined by the mass of the particle and a coefficient of harmonic potential.
Introduction

Let us consider the Hamiltonian
where x = (x 1 , x 2 , ..., x n ) ∈ R n , p = −i(∂ 1 , ∂ 2 , ..., ∂ n ) and m > 0 are the position, the momentum and the mass of the particle, respectively. Coefficients of harmonic oscillator k(t) belongs to L ∞ (R) and which converges to 0 as t → ±∞. Define the propagator for H 0 (t) by U 0 (t, s), that is, a family of unitary operators {U 0 (t, s)} (t,s)∈R 2 in L 2 (R n ) whose components satisfy i∂ t U 0 (t, s) = H 0 (t)U 0 (t, s), i∂ s U 0 (t, s) = −U 0 (t, s)H 0 (s), U 0 (t, θ)U 0 (θ, s) = U 0 (t, s), U 0 (s, s) = Id.
Define the observables by x 0 (t) := U 0 (t, 0) * xU 0 (t, 0), p 0 (t) := U 0 (t, 0) * pU 0 (t, 0).
Then the commutator calculation shows that and then we have x 0 (t) = ζ 1 (t)x + ζ 2 (t)p/m and p 0 (t) = mζ ′ 1 (t)x + ζ ′ 2 (t)p. In this paper, we assume the following condition on time-decaying harmonic oscillators; Assumption 1.1. Let k C (t) belongs to L ∞ ([−r 0 , r 0 ]) for a given large constant r 0 > 0 and let k be also a constant which satisfies 0 ≤ k < m/4. Assume that the coefficient k(t) in (1.1) is represented by
Moreover, assume that both solutions of (1.2) with respect to (1.3) are included in C 1 (R) and are twice differentiable functions.
An example of k(t) satisfying the assumption 1.1 can be seen in Kawamoto [6] . More general case was considered by Geluk-Marić-Tomić [2] (the case of λ = 0 can be seen in Naito [8] ). Let us define λ, 0 ≤ λ < 1/2 as the smaller of the solutions to λ(λ − 1) + k/m = 0, i.e.,
Under Assumption 1.1, for t > r 0 , it follows that t λ and t 1−λ are linearly independent solutions to f ′′ (t) + kt −2 f (t)/m = 0, respectively. Hence, for t > r 0 , we have for some c 1 , c 2 , c 3 and
holds for φ ∈ S . Hence, the charged particle is decelerated by the harmonic potential. Nevertheless, it can be expected that the charged particle will not be trapped due to the effect by the coefficient k(t). Hence in this paper, we firstly prove the existence of modified wave operators under the Dollard-type longrange potentials. We secondly prove the deceleration phenomena changes the threshold of decaying order between the short-range class and long-range class of potential V (t, x). We will see that this threshold will be changed from 1 to 1/(1 − λ) through the nonexistence of usual wave operators. The potentials are classified into the followings three types;
belongs to the short-range class, that is, V S ∈ C(R; C(R n )) and satisfies that for some ρ S > 1/(1 − λ), there exists C S > 0 such that
) and satisfies that for some (2λ + 1)/(2(1 − λ)) < ρ D,L ≤ 1/(1 − λ), and for all multi-index α with
In order to prove the existence and nonexistence of wave operators, we shall decompose the propagators U 0 (t, 0) and U(t, 0) into the simplified propagators. By using the approach of Korotyaev [7] , the following factorization of the propagators can be obtained, see §4. Proposition 1.3. Let A = x · p + p · x and for ±t ≥ 0, let U 0,S (t, ±r 0 ) and U S (t, ±r 0 ) be propagators for
respectively. Then for ±t ≥ 0 the following factorization of propagators holds;
Modified wave operators
By the definition of propagators, for t > r 0 we have
and that gives
Hence, in the following, we shall consider the reduced wave operators
and reduced (Dollard-type) modified wave operators
The main theorems in this paper are the followings; Theorem 1.4. Assume that k(t) satisfies the assumption 1.1 and that V (t) satisfies As-
, then the wave operators W ± S do not exist.
Remark 1.6. Consider the quantum system with time-depending magnetic fields. Hamiltonian in such system can be written as
where q = 0 and B(t) ∈ L ∞ (R t ) are the charge of the particle and intense of magnetic field, respectively. Let us suppose B(t) is decaying in t. Then by rewriting
and by supposing k(t) satisfies Assumption 1.1, we can obtain the almost the same results to Theorem 1.4 and 1.5 for this quantum system, see [6] .
Existence of modified wave operators
Now let us prove Theorem 1.4. In this section, we only consider the case of t > 0. We firstly prove the following propagation estimate for free propagator U S,0 (t, r 0 ). We set χ as a characteristic function so that
) with supp(φ) = {ξ ∈ R n | 2ε ≤ |ξ| ≤ R}, whereφ denotes the Fourier transform of φ. Then for N ∈ {0, 1, 2} and for large t > r 0 ,
hold.
Proof. We only prove (2.1) since (2.2) can be proven by the almost same way. Let
Hence it is enough to consider the term
holds. Since
holds on the support of χ(|x|/t 1−2λ ≤ ε 0 ) andχ(ξ), we get
by the integration by parts. Together with
Proposition is proven.
Proposition 2.2. Let φ ∈ S (R n ) be the same one as in Proposition 2.1. Then for all N ∈ {0, 1, 2},
holds as t → ∞, where we remark that 1
on the support ofφ(ξ). Hence, noting that
Let k and l be multi-index with |k|, |l| ≤ N. Then it follows that |α(s)
holds on the support of (∇ l ξφ )(ξ). Noting this, we obtain
Above inequality yields (2.3).
Proposition 2.3. Let φ ∈ S (R n ) and ε > 0 be the same as in Proposition 2.1. Then
holds, as t → ∞.
Proof. By the Proposition 2.2, we have
holds. Equation (2.5) follows from this estimate and Proposition 2.1.
Proof of Theorem 1.4
Here, we will prove Theorem 1.4. We firstly define for 0 < δ 0 ≪ ε, F δ 0 ∈ C ∞ (R) as follows;
Such functions are used as the smooth cut-off functions. For simplicity, we use the notations
where we remark that the support of F 2 (|x|/t 1−2λ ) is equivalent to the support of
. Therefore, in order to prove the existence of modified wave operators it is enough to prove the existence of
Hence in the followings we always assume that φ ∈ Ω ε,R and t > 0 is enough large. Here by noting ρ D,L > (2λ+1)(2(1−λ)) −1 > 2λ(1−λ) −1 , we obtain 2λ−(1−λ)ρ D,L < 0, and combining this with Proposition 2.1, we can obtain
Here we define K(t) := U S (t, r 0 ) * (1−F 1 (|x|/t 1−2λ ))U S,0 (t, r 0 )e −iα(t,p) φ and obtain, for t 1 , t 2 > 0 and φ ∈ Ω ε,R ,
Hence, if one obtains
for sufficiently largeR > 0, one can prove that K(t)φ is a Cauchy sequence by the L 2 -norm sense and that lim t→∞ K(t) exists. This approach is called Cook-Kuroda method. Here we define the Heisenberg derivative of F 2 associated with H 0,S (t) by
Straightforward calculation shows
where we denote F ′ 2 (|x|/t 1−2λ ) and
.
We have that
Noting that supp{F
by using Proposition 2.1 with N = 1 and −2+4λ−(1−λ)ρ D,L < −5/2+3λ < −1. Moreover, it is easily to obtain
Hence the proof completes if we have
and prove this in the followings. Here let us definẽ (1 − 2λ) ) .
Then they satisfy the following conditions;
By (2.7), (2.8) and (2.9), we notice that K(t) ′ φ can be calculated by
Now we put
holds in the following. Then the existence of modified wave operators can be proven by (2.7), (2.8) and (2.11). By virtue of the Baker-Campbell-Hausdorff formula, we have
By (2.10) we have
(2.14)
we have (2.14) is integrable in t. Now we will prove that the operator norm of (2.13) is integrable in t. By the definition of V L (t; ·), we notice that
holds, and by (2.3) we also notice that
holds for all j ∈ {1, ..., n}. Hence we obtain
Noting the definition of ρ D,L , we have 2λ − 2(1 − λ)ρ D,L < −1 holds. Together with (2.14), we have (2.13) ∈ L 1 (t; dt). This proves (2.6).
Nonexistence of wave operators
In this section, we shall prove Theorem 1.5. Nonexistence of wave operators for long-range perturbations was firstly considered by Dollard [1] , and this approach was applied to some Hamiltonians, see e.g. Ozawa [9] , Jensen-Ozawa [5] , Ishida [3] , [4] . In particular, we refer the approach of Ozawa [9] . Let (·, ·) denotes the inner product on L 2 (R n ) and t ≥ s > r 0 . In the proof, we assume that that transformed wave operator
exists for V = V L and leads contradiction. If we haveW + does not exist, then we also have that usual wave operator
also does not exist since the operator e im(1−2λ)x 2 /t 1−2λ e ir 1−2λ 0 p 2 /2m(1−2λ) is uniformly bounded in t. In order to consider the nonexistence ofW + , we introduce the following modified propagation estimate:
holds.
Proof. For simplicity, define
Let us define the observablẽ
By the simple calculations, it follows that for all a, b ∈ R\{0},
These equations yield
Hence the left hand side of (3.1) is equal to
Clearly the support of χ(|ξ|/Λ ≤ ε) andφ(ξ) are disjoint and this proves (3.1).
Let φ satisfies the conditions of Proposition 3.1. Moreover let us define
and
First, let us estimate I 1 : Additionally we suppose supp{φ} ⊂ {ξ ∈ R n | |ξ| ≤ ΛR} for some R > 0. Then by noting (3.2) and the definition of V (τ, τ λ x), for large s so that 2s 1−λ ε ≥ 1 and t ≥ s it holds that
Next, we shall estimate I 2 . By Proposition 3.1 one has
Since we supposeW + exist, if necessary, retaking s enough large, we can get
for sufficiently small 0 < δ ≪ 1. Hence we choose 2δ = (ε/R) ρ L (C L /C L ) and get that for some C > 0,
Finally, we estimate I 3 as follows
where if necessary we take s enough large so that Λ(1 − 2λ)s −1+2λ /2 ≤ 1. Inequalities (3.3), (3.4) and (3.5) provide
and this inequality yields
Consequently we have the contradiction thatW + exists, which proves Theorem 1.5.
Fundamental results
In this section, we shall give some proofs for the fundamental results, which appear in reducing process of propagator.
Proof of Propostion 3.1
In this subsection, we shall prove Proposition 3.1. First, we shall prove that for β = 0, holds, where we use m(λ−λ 2 ) = k and t > r 0 . The uniqueness of propagator givesŨ S (t, r 0 ) = U(t, r 0 ).
Density of domain of wave operators
In the proofs of theorems, we assume the initial state φ is included in the space Ω ε,R , which is Ω ε,R := φ ∈ S (R n ) supp(φ) = {ξ ∈ R n | 2ε ≤ |ξ| ≤ R} .
However, φ must be written as the form φ = U 0 (r 0 , 0)ψ for some ψ ∈ L 2 (R n ). Hence in here we shall defineĈ ε,R (R n ) := U 0 (0, r 0 )Ω ε,R , and such a space is dense on L 2 (R n ).
Lemma 4.1. Let us define a spaceĈ ε,R (R n ) as {φ ∈ S (R n ) | supp(F [U(r 0 , 0)φ](ξ)) = {ξ ∈ R n | 2ε ≤ |ξ| ≤ R}} , where F stands for the Fourier transform. Then a spaceĈ ε,R (R n ) is dense on L 2 (R n ).
